0. Introduction. A curve X of genus at least 2 defined over a function field L over C has only finitely many L rational ponts, unless it is isotrivial. Similarly, a curve of genus at least 2 defined over a number field F has a finite set of F -rational points. These well known facts are celebrated theorems of Manin and Faltings, originally conjectured by Mordell and Lang.
1. Preliminaries. The base field will be the field of complex numbers C (or any algebraically closed field of characteristic 0). Throughout the paper, g will be an integer satisfying g ≥ 2.
Let M g be the moduli space of curves of genus g, which are stable in the sense of Deligne and Mumford. M g is an integral, normal, projective algebraic variety containing the moduli space of smooth curves M g as an open subset; recall also that dim M g = 3g −3. The complement of M g in M g is a divisor which we denote by ∆ g ; thus ∆ g is the locus of singular stable curves.
Define the closed subscheme A g of M g as the set parametrizing curves with nontrivial automorphism group, if g ≥ 3. It is well known that the restriction of A g to M g has codimension g − 2. If g = 2 we let A g to be the locus of curves whose automorphism group has cardinality greater than 2. Let M g 0 be the complement of A g in M g .
There exists a universal family of curves over M g 0 , we shall consider a compactification of it over the whole of M g , which will be denoted by u : C g −→ M g . Thus u is a proper morphism of integral varieties, having fibers of dimension 1 and such that its restriction over M g 0 is the universal curve. One possible choice for C g is the moduli space of stable curves of genus g with one marked point (usually denoted by M g,1 ).
In the sequel, V will be a smooth, irreducible projective variety of positive dimension, and L = C(V ) its field of rational functions. We mention that most results do not need V to be smooth or projective, it would be enough to assume V integral.
By a family of generically smooth curves f : X −→ V we mean a proper morphism of an integral variety X onto V , such that the fibers are curves and such that there exists a non-empty open subset U of V over which the fibers of f are smooth. The restriction of the fibration to U gives thus a family of smooth curves denoted by X −→ U ; this X will be viewed as a smooth curve over L. Viceversa, when given a smooth curve X defined over L, we shall denote by X a smooth model over V , which is a family of curves in the above sense. We say that a family of generically smooth curves is "isotrivial" if all of its smooth fibers are isomorphic. We will use the same terminology for a smooth curve defined over L.
Given a family of generically smooth curves of genus g, X −→ V (or a smooth curve X of genus g over L) we denote by φ X the canonical rational map to the moduli space φ X : V −→ M g defined over the open subset of V over which the fiber of f is a stable curve. Notice that if the base of the family is a curve B, then clearly φ X can be extended to a regular map to the whole of B (M g being projective). We will abuse notation and call again φ X such an extension.
Given a rational map φ : V −→ M g such that Imφ ⊂ A g ∪ ∆ g one gets naturally a curve X over C(V ) by considering the fiber product X ⊂ V × M g C g −→ V ; we shall denote such a curve X by φ * C g .
The variation of moduli V ar(f ) of the family f : X −→ V is defined to be the dimension of the image of its moduli map: V ar(f ) := dim Imφ X If V ar(f ) = min{3g − 3, dim V } we say that the family has maximal variation of moduli. In such a case, we need another piece of terminology.
Definition. 1.2. If X −→ V is a family with maximal variation of moduli, and dim V ≤ 3g − 3, there exists a maximal, non-empty open subset U of V over which the restriction of φ X is finite. We define the modular degree of the family (or the modular degree of X) to be the degree of φ X restricted to U .
If X is a smooth curve defined over L, the set of its L-rational points is denoted by X (L) . Recall that if X has genus at least 2 and it is not isotrivial, then X(L) is finite. We warn that by the word "curve" we will really mean its isomorphism class (over C or over L).
We will use the moduli spaces Hom S (Y, W ) for projective schemes Y and W over a base scheme S; we refer to the first chapter of [K] for their basic properties. When S = SpecC we will simplify the notation and write Hom(Y, W ); if d is a positive integer, we denote Hom
2. Uniform boundedness in terms of the modular degree. We prove here the following result (we use the Definitions 1.1 and 1.2):
Theorem 2.1. Let g ≥ 2, q ≥ 0 and d ≥ 1 be fixed integers. Then there exists a number N (q, g, d) such that for any smooth curve B of genus q, for any non-isotrivial, fine curve X defined over C(B) and having modular degree at most equal to d, we have
We first prove an auxiliary result, which is interesting on its own.
Proposition 2.2. Let B be a smooth curve with function field K, let g ≥ 2 and d ≥ 1 be fixed. There exists a number N (K, g, d) such that for every smooth, fine curve X of genus g defined over K and having modular degree at most d, we have
Proof. Let f : X −→ B be a smooth model of X over B (since dim C X = 2 such a X can be chosen to be smooth and relatively minimal, so that it is uniquely determined by X). Let p ∈ X(K) and let σ : B −→ X be the corresponding section of f , that is, σ is a regular morphism such that f • σ = id B . We have a canonical commutative diagram
where γ is a rational map, canonically determined by the moduli properties of C g −→ M g , since X is a fine curve. All other maps are regular; we thus get a uniquely determined morphism
, since φ X is assumed to be finite. Summarizing, there is a canonical injective map of sets:
(see below or the previous section for the definition). Conversely, let τ : B −→ C g be a map such that u • τ : B −→ M g is not constant and such that the image of u • τ is not entirely contained in ∆ g ∪ A g . Then τ corresponds to a K-rational point of the fine curve X over K defined as X = φ * C g , where φ = u • τ . Now introduce the following morphism of schemes:
where α is defined naturally as α(τ ) = u • τ for every τ ∈ Hom(B, C g ). Notice that if φ ∈ Hom(B, M g ) and φ is such that Imφ ⊂ ∆ g ∪ A g then the fiber of α over φ is the set of K-rational points of the fine curve X over K, defined by X = φ * C g ; thus, if φ is not constant, the fiber of α over φ is finite.
Recall that we define
) is a quasiprojective scheme. The subset of Hom d (B, M g ) parametrizing maps whose image is not contained in A g ∪ ∆ g is an open subscheme which will be denoted by C g ) is quasiprojective and Q is the finite set paremetrizing dominant maps from B to some curve of genus g; Q is then finite, by the classical theorem of De Franchis -Severi [DF] (stating that the set of all dominant maps from B to curves of genus at least 2 is finite).
As we have seen, α d has finite fibers and α
Proof of Theorem 2.1. Let B −→ Z be a "complete" family for curves of genus q; that is to say, B −→ Z is a family of smooth curves of genus q such that every curve of genus q appears as a fiber over a finite number of points in Z. There are plenty of choices for such a complete family, for example, Z can be the moduli space of curves of genus q with level N structure, N ≥ 3, and B the universal family over it. It is well known that we can assume Z to be integral and normal (or even smooth) and B flat over Z. Now we perform the same construction used above, in the relative setting, that is to say, in the category of schemes over Z.
where α is defined in the natural way by composition; that is, let v :
z is some curve of genus q and z ∈ Z. Now, if φ is not constant, and Imφ ⊂ ∆ g ∪A g ×{z} then α −1 (φ) is the set of C(B z )-rational points of the smooth curve X of genus g over the function field of B z defined by X = φ * C g . Thus, by the theorem of Manin, the set α −1 (φ) is finite.
Let now
to be the subscheme of non-constant morphisms of degree at most equal to d such that the image is not contained in
The point is that R d is also a quasiprojective scheme over Z, in fact it is the complement in the quasiprojective subscheme of Hom Z (B, C g × Z) paremetrizing non-constant morphims of degree at most d of the union of the two following closed subsets. The first is the set of maps with image in the proper closed subset of C g × Z given by the preimage via v of
The second is the set Q of all dominant maps of degree at most d from curves of genus q to curves of genus g; we claim that Q is a closed subset, finite over Z. In fact, let C −→ Y be a family of smooth curve of genus g, with Y an integral scheme. Then the space of dominant maps of degree at most d from curves of genus q to curves of genus g parametrized by Y can be described as the moduli space below
where π is the natural map to Z. The fiber π −1 (z) over z ∈ Z is the set of all dominant maps of degree at most d from the curve B z to curves of genus g, hence it is finite, by De Franchis-Severi Theorem. Thus π is a finite morphism of quasiprojective varieties. Now
) and C with the restriction of C g to Y , then
which proves the claim.
Finally, let α d be the Z-map of quasiprojective schems over Z obtained by restricting
as we have observed, α d has finite fibers; thus there exists an upper bound N (q, g, d) on the cardinality of the fibers over H d . Concluding: if B is any curve of genus q, let z ∈ Z be a point such that the fiber of B over it is isomorphic to B. Given a smooth, fine, non-isotrivial curve X of genus g defined over C(B) and having modular degree at most equal to d, then the moduli map φ X of X corresponds to a point (C(B) ). Therefore |X(C(B))| ≤ N (q, g, d) and we are done.
Remark. It is easy to see that in both statements above, the assumption that B is smooth can be replaced by B integral; the genus q of B would then be the genus of its normalization.
We can use Theorem 2.1 to obtain a similar result for fields of higher transcendence degree. We start by quantifying the base varieties V by means of the numerical invariants of their projective models.
Corollary 2.3. Let g ≥ 2, and e, r, d be fixed positive integers. There exists a number N (e, r, g, d) such that for every smooth irreducible variety V ⊂ P r of degree e and for every smooth curve of genus g defined over C(V ) and having modular degree at most equal to d, we have |X(C(V ))| ≤ N (e, r, g, d).
Proof. There exists a number q = q(e, r) depending on e and r such that V is covered by smooth curves of genus at most q. This follows from a classical Theorem of Castelnuovo on the genus of a curve in projective space (Castelnuovo's bound in [ACGH] III.2), applied to the one-dimensional linear sections of V , which are, of course, curves of degree e. We shall prove that N (e, r, g, d) = N (q, g, d) as in Theorem 2.1. Suppose by contradiction that there exists a smooth curve X over C(V ) satisfying the required assumptions, and having n > N (q, g, d) rational points over C(V ). This is to say that if f : X −→ V is the structure map, then f has n distinct rational sections. Let U be the open subset of V − φ −1 X (A g ) where such sections are all regular and distinct on every point. Let B ⊂ V be a smooth curve of genus q such that B ∩ U = ∅; let K = C(B). The restriction of X to B determines a fine curve X K of genus g over K; the modular degree of X K is at most d.
, but this is impossible, by 2.1.
Remark. 2.4.
Notice that the bound does not depend on the dimension of V . We will see in Section 4 that for dim V ≥ 3g − 3 one gets finer results. Observe also that the assumption that V is smooth can be weakened by assuming V integral; in fact the bound of Castelnuovo holds for the geometric genus of a possibly singular, integral curves of degree e in P r .
Remark. 2.5. Arguing as in Theorem 4.3 of [C] , one obtains the existence of a bound that depends on the intrinsic numerical invariants of the base varieties. More precisely, let h ∈ Q[x] be a polynomial and let M h be the moduli space of smooth canonically polarised varieties V such that the Hilbert polynomial of K V is h. Then one can replace the pair (e, r) by h in the previous statement, by letting V vary in M h .
The Geometric Conjecture of Lang implies uniform boundedness. The following well known conjecture is open ([L]):
Geometric Lang Conjecture. Let W be a variety of general type defined over C. Then there exists a proper closed subvariety Z W of W containing all positive dimensional subvarieties of W that are not of general type.
In particular, according to such a Conjecture, all curves in W having genus at most 1 are contained in Z W .
Consider now M g , and let Z g ⊂ M g to be defined as the closure of the union of all integral curves in M g having geometric genus at most equal to 1. Recall now that M g is of general type if g ≥ 24 ( [EH] and local references); thus the above conjecture would imply that Z g is a finite subset of M g for all g ≥ 24.
The results of this section should be compared with Theorems 1.1 and 1.2 in [CHM] and with Theorem 1.1 in [P] Lemma 3.1. The Geometric Lang Conjecture implies that ∀g ≥ 24 there exists a proper, closed subset Z ⊂ M g with the property that for any curve B with function field K there exists a number U (K, g) such that if X is a non-isotrivial smooth curve of genus g defined over K and having more than U (K, g) rational points over K, then Imφ X ⊂ Z.
Proof. As we already noticed at the beginning of the section, the Geometric Lang Conjecture implies that, if g ≥ 24, Z g is a proper closed subset; we will see that Z = Z g . Let B be a curve of genus q; notice that if q ≤ 1 we have nothing to prove, since by the conjecture, any curve X defined over K must satisfy Imφ X ⊂ Z g . We can therefore assume that q ≥ 2 and that X is a curve defined over K such that φ X (B) = C where C is an irreducible curve of geometric genus p ≥ 2. By the Riemann-Hurwitz formula applied to the natural map B −→ C ν where C ν is the normalization of C, we have
where r ≥ 0. Thus
(since p ≥ 2); in other words, the modular degree of any X over K whose moduli map has image not contained in Z g is bounded from above. To conclude, we just need to apply 2.2 and set
A stronger result is the following corollary of Theorem 2.1
Proposition 3.2. The Geometric Lang conjecture implies that, if g ≥ 24, there exists a proper, closed subset Z g ⊂ M g such that for every q ≥ 0 there exists a number U (q, g) with the property that for every smooth curve B of genus q, if X is a smooth, non-isotrivial curve of genus g defined over C(B) and having more than U (q, g) rational points over
Proof. The statement is obvious if q ≤ 1, hence assume from now on that q ≥ 2. We just showed that if there exists a number d such that if B is a curve of genus q and X any smooth, non-isotrivial curve, of genus g over C(B) such that Imφ X ⊂ Z g , then the modular degree of X is at most equal to d (in fact, we saw that d = q − 1 will work).
Hence it is enough to apply Theorem 2.1 and let U (q, g) = N (q, g, d) with d = q − 1.
We conclude by using our uniformity statements for function fields of transcendence degree 1 to obtain similar results for function fields of any degree.
Corollary 3.3. The Geometric Lang conjecture implies that if g ≥ 24 there exists a proper, closed subset Z g ⊂ M g such that for any pair of positive integers (e, r) there is a number U (e, r, g) such that for any smooth variety V ⊂ P r of degree e, if X is a smooth non-isotrivial curve of genus g over C(V ) having more that U (e, r, g) points over
Proof. This is another application of the Theorem of Castelnuovo ( [ACGH] ) as the proof of 2.3. Let q = q(e, r) be such that V is covered by curves of genus at most q passing though a general point of V . We claim that U (e, r, g) = U (q, g), where U (q, g) is defined by 3.2. Let X be a curve over C(V ) as in our statement; then through the general point of V there is a curve B of genus at most q such that the restriction of X to B is not isotrivial. Then the rest of the argument is the same as in the proof of 2.3.
Remark. 3.4. As we observed in 2.4, there is no need to assume V smooth, moreover, an analogous statement could be given by quantifying the V 's by their intrinsic invariants, rater than (e, r). See the Remark 2.5.
4.
Uniformity results for function fields of high transcendence degree. We now prove the existence of a uniform bound that does not depend on the modular degree.
Lemma 4.1. Let g ≥ 24 and let V be a variety of dimension at least 3g − 3 with function field L = C(V ). There exists a number N (L, g) such that for every curve X of genus g defined over L and having maximal variation of moduli, we have |X (L) | ≤ N (L, g) .
Proof. The assumption that X has maximal variation of moduli says that the moduli map φ X : V −→ M g is dominant. Now, M g is of general type, we can therefore apply a theorem of Kobayashi-Ochiai [KO] implying that the set of dominant rational maps from V to M g us finite. Moreover, let φ : V −→ M g be such a map, then the set of families of smooth curves of genus g over L having φ as moduli map is finite. In fact, let U = φ −1 (M g ) be the open subset V corresponding to smooth curves, and consider the restriction of φ to U . Lemma 3.3 in [C] says that the set of families of smooth curves of genus g over U , whose moduli map is φ is finite (and uniformly bounded, see below).
We thus conclude that there exists only a finite set of smooth curves of genus g over L having maximal variation of moduli. Since any such curve has only a finite set of rational points over L, the result follows immediately.
Remark. 4.2.
A uniform version of the Theorem of Kobayashi-Ochiai can be proved using the existence of quasiprojective Hilbert schemes or moduli spaces; more precisely, one can show that the number of maps of V to M g is bounded above by a constant depending on g and on suitable numerical invariants of V . Combining this with Lemma 3.3 in [C] yields a stronger version of 4.1 above, where the bound is shown to depend, as in 2.3 and 3.3, only on certain natural numerical invariants of L (and of g of course).
Let u : C g −→ M o g be the universal curve over the moduli space of automorphism free smooth curves of genus g. It is a well known fact (see [HM] ) that u has no rational sections, thus, C g has no rational point over the function field of M g . In fact much more is known. The Picard group of C g is generated over the Picard group of M g by the relative dualizing sheaf ω u ; therefore a multisection of u must have degree over M o g equal to a multiple of 2g − 2.
We apply this to obtain that if V is a variety of dimension 3g − 3 and X is a curve of genus g over L = C(V ) having maximal variation of moduli, then a necessary condition for X to have a rational point over L is that its modular degree be a multiple of 2g − 2. This follows easily by looking at the commutative diagram
where the horizontal arrows are rational maps and σ is the rational section corresponding to a rational point of X over L. Let τ = γ • σ : V −→ C g and let ρ : Imτ −→ M g ; by what
